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A set of Economic Equations
and a Generalisation of
Brouwer’s Fixed Point Theorem*

by
J. v. Neumann
(English translation by Alekos Tsitsovits)

The object of this notice is the solution of a typical economic equations
set. This set has the following properties:

(1) The goods are produced not only from the so-called “natural
production factors” but mainly from each other. Specifically the production
processes may by cyclic, 1.e. good G, is produced by means of good G, and G,
by means of G .

(2) Under certain circumstances there may exist more technically
possible production processes than goods. The usual method of “equation
counting” is therewith inefficient. Decisive is indeed to find out which
processes are really used and which (being “non profitable”) are not.

In order to discuss (1) and (2) in pure form we shall generally idealise
some other elements of the situation (cc. §§1 to 2). Most of these
idealisations are not substantial, but we are not going into further details
here. Our problem setting leads convincingly to a set of inequalities (3)-(8")
in §3, of which the feasibility to solve is not at all evident, i.e. it can not be
proven by any qualitative argumentation. On the contrary the mathematical
proof is successful only by means of a generalisation of Brouwer’s fixed point
theorem, i.e. by using really deep laying topologic facts. This generalized fixed
point theorem (the “theorem” of §7) is also interesting on its own.

The connection to topology may on first sight be surprising indeed, but
the author thinks this is natural by this kind of problems. It is directly caused

* Uber ein 6konomisches Gleichungssystem und eine Verallgemeinerung des Brouwerschen
Fixpunktsatzes, in: Ergebnisse Eines Mathematischen Kolloquiums, unter mitwirkung von F.
Alt, K. Godel, A. Wald, herausgegeben von Karl Menger, Wien, Helt 8, pp. 73-83, 1935-
1936, Leipzig und Wien Franz Deuticke, 1937.
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by the appearance of a certain “minimax” problem, well known from
variation calculus. In our problem this “minimax” problem is formulated in
§5. It is closely keen to another which appears in the theory of social games
[cc. 2) in §6].

A direct interpretation of the here resulting function ®(X,Y) would be
very convenient. Its role appears to be similar to the role of thermodynamic
potentials in phenomenological thermodynamics and it will have presumably
a similar role even in the case of phenomenological generality (independently
of our unnaturally constraining idealisations).

Another feature temporarily not integrated in our theory is the
remarkable duality (symmetry) of the monetary variables (prices i interest
factor ) and the technical ones (production intensities X., economy
expansion coefficient a) This duality is extremely noticeable in §3 (3)-(8') as
well as in §4 (7*)-(8*) and also in the “Minimax” — formulation of §5 (7**)-
(8*%).

Finally, attention is due to the results of §11, from where it can be
concluded amongst other that (if our assumptions are valid) the normal price
mechanism results to the purely technically most expedient distribution of
production intensities. Since we have excluded all monetary complications,
this is not unreasonable.

* %k X%

The following considerations have been presented for the first time in
winter 1932 at the mathematical colloquium at Princeton University. The
reason for their present publication refers to an invitation by Mr. K. Menger,
to whom the author also here expresses his thanks.

1. Consider the following problem: There exist n goods G, ..., G_, which
can be produced by m processes P, ..., P_. Which processes will be used
(as “profitable”) and which prices for the goods will be valid? The
problem is obviously non-trivial, because each of its halfs can only be
answered if the other already is - i.e. it is implicit. We remark in
particular:
(a) Since it can be m>n it can certainly not be solved by the otherwise
usual method of “equation counting”.
In order to exclude another kind of complications we assume that:
(b) The amount of production is constant — And:
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(c) The natural production factors, inclusive labour, are at unlimited

disposal.
The important phenomenon which we wish to grasp is this: The
goods are produced from each other through the production
processes (s. equation (7)) and we want to find out, (i) which
processes will be used and with which intensities, (ii) the relative
speed of growth for the total goods quantity, (iii) which prices will
be established (iv) which rate of interest is valid. In order to isolate
completely this phenomenon, we assume further:

(d) The only existing consumption is the consumption of goods in the
production processes, including necessarily the life sustaining goods
consumption of labourers and employees, i.e. we assume that every
income over the life sustaining minimum is completely reinvested.

2. Each process P, i=1, ..., m, is of following nature: It uses the quantities
a, (measured in arbitrary units) of corresponding goods G; (j=1, ..., n)
and produces the quantities bij of the same. It can so be formulated
symbolically:

(1) P: X a,G, > Xb,G,
i=1 i=1

Where it must be noticed that:

(¢) Capital goods have to be considered simply on both sides of (1). The
wear of a capital good has to be described by introducing its various
wear phases as separate goods and considering these separately for
each P.:

(f) Each process P. has as time term the time unit. Longer processes
have to be divided into partial processes of this length, introducing if
necessary, the intermediate products as special products.

(g) (1) can in particular describe the case where a good G, can only be
produced together with certain other goods, its permanent by-

products.
In the real process of the whole economy these processes P,i=1, ..., m
are used with certain intensities x, i=1, ..., m. Le. for the total process

the quantitative data in equation (1) have to be multiplied by x,. We
write in symbols:
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m
2) W= 21 x. P,
1=
x.=0 means that process P, remains unused.
We are interested in the situations of the whole economy where it
expands without changing its structure, i.e. where the relations between
the intensities X : ... :x_ remain unchanged but x , ..., x_ themselves are
allowed to change. Then x,, ..., x_ are multiplied by a common factor o
per time unit. This factor a is the expansion coefficient of the whole eco-
nomy.
3. The numerical unknowns in our problem are:

(i) The intensities x,, ..., x_ of processes P, ..., P_,

(i1) The expansion coefficient of the whole economy «,

(iii) The pricesy,, ..., y_of the goods G, ....G,,

(iv) The interest factor [ (B=1+1ZE’ z is the interest rate per time
unit).

Obviously it is always

3 %20 @ %20

.and, because a solution with x;= ... =x =0 or y,= .. =y =0 were
meaningless

5  Zx>0 ©  Xy>0

j=1

The economy equations are herewith:

II/\

1] 1
(7') and in the case of strict inequality in (7) it is y;=0.
(8) BZI 2;y;2 21 by,

j= i=

(8’) and in the case of strict inequality in (8) it is x.=0.

(7), (7’) mean: The quantity of a good G, can consumed in the total

process (2) cannot be greater than the quantity produced. If though the

consumption is less, i.e. there is a Gj overproduction, then G. becomes a
]
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free good and its price y, will become 0. And (8), (8') mean: In the
€quilibrium situation a profit cannot be extracted in any process pP.
(because then the prices or the interest rate will rise — it is clear how to
understand these idealizations). But, if there is a loss, i.e. P. is un-
profitable, then P, will stay unused, its intensity X, becoming 0.
Coefficients a, bij have to be considered as fixed quantities whereas X, O,
y,» B are the unknowns. There are m+n+2 unknowns, because though
only the relations in x,, y;» X;: . 1X, Y0ty are of importance there are
really only m+n.

Corresponding there are m+n constraints (7)+(7') and (8)+(8’).
Because though these are not equalities but rather complicated
inequalities, the equality of these numbers does by no means at all
ensure the solution of the equations set.

The dual symmetry of equations (3), (5), (7), (7'), in variables x, o and of
the term “unused process” on the one hand and of equations (4), (6), (8),
(8'), in variables Yi» B and of the term “free good” on the other, seams to
be remarkable.

4. Our aim is to solve (3)-(8’). We stall prove that: There exist always a
solution for (3)-(8’). There can indeed exist several solutions with
different x: ... :x_ory: .. y . In the first case it is possible because we
have not excluded the case where several P, describe the same process or
that a certain P, results as a combination of others. In the second case it
is possible because some goods G; appear, possibly in every process P, in
a fixed relation to some others. But even if these trivial cases are
excluded, there exist several solutions x: ... :x_,y.: ... :y_because of less
direct reasons. In contrary it is of importance that a, § have in all
solutions the same value. I.e.

a, 8 are uniquely determined

We shall see indeed that a and B can be directly characterised in a simple
way (s. §§10-11). In order to simplify our considerations we assume that

always
9 a, +b,> 0

(of course it is always a;;, b; 20 ). Because a, bij can be arbitrarily small
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this constraint is not very severe. It is though necessary in order to ensure
the uniqueness of o, P, because otherwise W could dissolve into
unconnected parts. These questions will be nevertheless examined on
another occasion.

Let us now consider an (hypothetical) solution x,, a, Yp» B of (3)-(8').

If there were in (7) always <, then because of (7') there would be always
y;=0, contradicting (6). If there were in (8) always >0, then because of
(8") there would be always x, =0, contradicting (5). So: in (7) is always < ,
but at least one =, in (8) is always 2 , but at least once =. Therefore:

(m m
(10) o= Min 2 bijxi/z a;X;
= 1=1

j=1..,n|i=1

.Mz'

(11) B= Max

j=1..,m i=1

l,yj/ Z a,,y,J

In this way x,, Y, determine uniquely a, . (The right sides of (10), (11)

can never assume the meaningless form g because of (3)-(6) and (9)).

We can therefore formulate (7)+(7') and (8)+(8’) as constraints for x. b Y,
only:

(7*)  Foreveryj=1, ..., n, where
Z b,/ Z

does not assume its minimal value (for all j=1, ..., n), it is y;=0.
(8%) For everyi=1,...,m, where

El 0;y;/ El %Y
does not assume its maximal value (for all i= 1,...,m), it is x.=0.

(In (7*) x,, ..., x_ have to be considered as fixed, in (8*) vy, -, y.). We
have to solve therefore (3)-(6), (7*), (8*) referring to x. o Y-
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5.

We name X' a series of variables (x, ..., x’_) which fulfils the analoga of

(3), (5)
3) %20 (5) 2 x>0

and Y a series of variables (y, ..., y!) which fulfils the analoga of (4), (6)

M=

@) ¥20 (6") y;>0

1

—
]

We set also

i=lj=

12) ©X,Y)= 221 byx;y;/ 212 3%,
1=1j=1

Be X=(x,, ..., x_), Y=(y,, .-, ¥,) the (hypothetical) solution, X'=(x/, ...,
X' ), Y'=(y}, ..., y,) freely variable, but in a way that (3)-(6) and (3')-(6")
are valid, then (7*), (8*) can be formulated as follows, as easily veri-
fiable:

(7**)  ®(X,Y’) assumes by Y'=Y its minimal Y'-value.
(8**) &(X',Y) assumes by X'=X its maximal X'-value.

The question of solvability of (3)-(8') transfers to the question of
solvability of (7**), (8**) and latter can be formulated thus:

(*) Consider ®(X',Y’) in the spaces limited by (3)-(6’). We search for a
saddle point X’=X, Y=Y i.e. a point where ®(X,Y’) has a Y'-minimum and
simultaneously ®(X"Y) a X’-maximum.

(7), (7%), (10), and (8), (8*), (11) result to:

Z aijxﬂ yJ =P (XY) and

] [ m
LI=1 ]

o= ibijxi Yj/t'
| e A S

21 z“:l b,y; xi/iwil a; Y X =0 (X,Y)
1= U: ] 1=1)= ]

B

Ie.:
(**) If our problem is solvable, that is if (X"Y’) has a saddle point X'=X,

Y’=Y (see above), then it is

(13) a=B=P(X,Y)=the value at the saddle point.
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6. Because ®(X',Y’) is homogenous (in X', Y ie inXx), .., X andy’, ...,
y’) the problem is not influenced if (5"), (6') (and correspondingly (5),
(6)) are replaced through the normalisations
(5 Zx=l 6  Zy=1

i= j=
Doing this we name S the set of X’ described by
3y x20 (5%) Zl x;=1 and
T the set of Y’ described by
@) y20 €  Zy=!
(S, T are m-1, corr. n~1 dimensional simplices).
In order to solve (*)! we return to the more direct formulation (7*), (8*),
combined with
3) x;20 5%  Xx=1
i=1
@ 20 (6%) 21 y,=1
=
i.e. by this, that X=(x,, ...,x_) liesin S and Y=(y,, ..., y ) liesin T.
1.

The solvability of our problem is curiously connected with the solvability of a problem
appearing in the social games theory, with which the author has dealt elsewhere (Math.
Annalen, 100, 1928, pp. 295-320, in particular pp. 305 and 307-311). That problem is a

special case of (*) and is dealt with in a new way through our solution of (*) (s. further) it is
II) 11

indeed: For a;=1 it holds because of (5*), (6*)

1=1lj=

laijxiyj'=l, and therefore
111 11

¢(x',Y')=i§1 Ealbijx;)’i and therefore our (*) coincides with (op. cit. p. 307). (Our

(XY, bij, Xi»¥j , m, n correspond to the h(g,n), . Ep, Ny M+1, N+1 there).

It is also remarkable that (*) has not led, as usual, to a simple maximum or minimum
problem, which were obviously solvable but to a saddle point or minimax problem where the
question of solvability lies much deeper.
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7.

We shall prove a more general theorem:

Be R_ the m-dimensional space of all points X=(x,....x_) R_the n-
dimensional space of all points Y=(y,,...,y ), R_
space of all points (X,Y)=(X,,....X_, ¥,5....,¥,)-
Aset (inR_or R or R_. ) which is not empty, convex closed and limited
we call a C-set. Be S°, T° C-sets in R_corr. R . Be S°XT° the set of all
(X,Y) (inR_, ), where X transverses the whole of S° and Y the whole of
T°. Be V, W two closed partial sets of S°XT°. For every X in S° be the set
Q(X) of all Y with (X, Y) in V a C-set, for.every Y in T° be the set P(Y)
of all X with (X, Y) in W a C-set. Then the theorem holds: Under the
above assumptions V, W have (at least) a common point.

Our problem results by setting S°=S, T°=T and V=set of all (X,Y)=
(XX, Ypey,) Which fulfill (7*), W=set of all (X,Y)=(x,....x,
Y,»---»y,) which fulfill (8*). As easily seen, V, W are closed and the sets
Se=S§, T°=T, Q(X), P(Y) are all simplices, that is C-sets. The common
point of those V, W is naturally the solution (X,Y)=(x,....X_, ¥;,-..,y) W€
are looking for.

o the m+n-dimensional

In order to prove the above theorem let S°, T° V, W be as described
before.

Consider V first. For each X of S° we choose a point Y°(X) from Q(X)
(e.g. the gravity center of this set). It will generally not be possible to
choose Y°(X) as a continuous function of X. Be €>0, we define

(14) W (XX)=Max(0, 1—% distance (X, X’))

Let now be Y¢(X) the center of gravity of Y°(X’) with the relative

weighting function w*(X, X"), where X’ transverses the whole of 5°. .e.:
if

Y (X) = (53 (0,5 (X)), Y (X =61 (X, .Y, (X))

then
15)  ¥09= [ W X)X [ wocxyax

We conclude now on a series of properties for Y¢(X) (valid for all €>0):
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(i) Y¢(X) lies in T°. Proof: Y°(X’) lies in Q(X'), therefore in T°, and
because Y&(X) is a gravity center of points Y°(X’) and T° is convex,
Y¢(X) lies also in T°.

(i1) Y&(X) is (in the whole of S°) a continuous function of X. Proof: It is
sufficient to prove it for every yi(X). Now, we(X,X’) is everywhere a

continuous function of X, X', fowe (X,X)dX is always >0, and all

S
y}’(X) are limited (they are point coordinates of the limited set S°).
From (15) follows that yJ‘F(X) is continuous.

(iii) For each >0 there is a ¢ =¢_(8)>0, so that for 0<e<g_ every point
(X, Y¢(X)) has from V a distance <8. Proof: Suppose the opposite.

Then, there would exist a >0 and a series ¢ >0 with Jim &, =0 so

that for every v=1,2,... there exists a X_ in S° for which (X , Y* (X))
has a fortiori a distance 20 from V, then Y® (X ) has a distance
28/2 from every Q(X’) with a distance (X, X')$0/2 . All X , v=
1,2,..., lie in S°, therefore they have a culmination point X* in S°.

Therefore there is a partial series of X , v=1,2,..., converging
towards X*, in which the distance is always (X , X*)$0/2

Substituting € , X by this partial series we see that one can assume:
limX, =X*, distance (X ,X*)$0/2 . Therefore we can set for each v=

1,2,.. X’=X* and we have in this way always: Y*(X) has a distance
20/2 from Q(X*).

Q(X*) is convex and therefore the set of all points with a distance <8/2
from Q(X*) is also convex. Because Y*¥(X ) does not belong to this set
and because it is a gravity center of points Y°(X’) with a distance
(X,,X')S€ (while for a distance (X,,X')>¢, it is following (14)
w(X,,X")=0, do also not all these points belong to the mentioned set.

Therefore there exists a X'=X' for which the distance (X,,X!)= ¢ and
Y°(X!) has a distance 20/2 for Q(X*)

Because limX =X*, limdistance (X,,X))=0, it is limX/ =X*. All Y°(X))
belong to T° and therefore they have a culmination point Y*. It follows
that (X*,Y*) is a culmination point of (X],Y°(X!)) and, because all these
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belong to V, it belongs also to V. Therefore Y* is in Q(X*). Now, each
Y°(X!) has a distance 28/2 from Q(X*), therefore the culmination
point Y* also. This is a contradiction and the proof is herewith
concluded.

(1)-(i11) together mean: For every §>0 there exists a continuous mapping
Y,(X) from S° on a partial set from T°, where every point (X, Y,(X)) has
a distance <0 from v.

(Put Y (X)=Y*(X) with e=¢_=¢_(9)).

9. Interchanging S° and T° as well as V and W results now to: For every
0>0 there exists a continuous mapping X,(Y) of T° on a partial set of S°,
where each point (X,(Y),Y) has a distance <0 from W.

Setting f,(X)=X,(Y,(X)). f,(X) is then a continuous mapping of S° on a
partial set of S°. Because S° is a C-set, i.e. topological a Simplex?), we can
apply the fixed point theorem of L.E.J. Brouwer’). f,(X) has a fixed
point. Le. there exists a X® in S°, for which X®=f,(X®)=X,(Y(X°)).

Let Y°=Y,(X®), then we have X°=X,(Y®). Therefore, the point (X°,Y?)
in R__ has distances <0 from V as well as from W. V and W have
therefore a distance <20.

Because this holds for every 6>0 have V, W a distance O. Because V, W
as limited and closed must therefore have a common point. This
concludes completely the proof of our theorem.

10. We have solved herewith (7*), (8*), from §4 as well as the equivalent

problem (*) from §5, and the original question from §3: The solution of
(3)-(8). If x;, y; (which in §§7-9 we have called X,Y) are determined,
then a, B result from (13) in (**) in §5. In particular a=§.
As we have already emphasized in §4, there can by all means be several
solutions x;, y, (i.e. X, Y), we wish now only show that there is only a
unique value for a (i.e. for B). Let indeed be X, Y, a;, ; and X,, Y, a,
B, two solutions. Then (7**), (8**) and (13) result to:

2. Referring to this as well as to the other here applied properties of convex sets s. e.g. B.P.
Alexandroff and H. Hopf “Topologie”, Vol. I, J. Springer, Berlin 1935, pp. 598-609.
3. See e.g. l.c.! p. 480.
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11.

=B, =2(X,,Y)s (X, Y)
=B, = 0(X,,Y)2 P (X, Yy

therefore o, = P,<a,=P, . Because of symmetry it is also 0, =,<
o, =B, , therefore it is o, =B, =0, =P,

We see therefore:
There exists at least one solution X, Y, a, . For all solution it holds

13)  a=p=d(X,Y),

and has for all solutions the same numerical value in other words:

The interest factor and the economy expansion coefficient are equal and
uniquely determined by the technically possible processes P, ..., P .
Because of (13) it is a>0, but it can be ® 21 . One would expect a>1, but
a<1 can obviously not be excluded from our general consideration: The
processes P, ..., P_ can in reality be unproductive.

We wish further to characterize a in two independent ways.
Let us consider first an economy situation which is technically possible

’

and expands with a factor a’ per time unit. Le. for the intensities x’,...,x’_
holds

3)  x20 5)  2x>0
i=1

and

7y o 2 8;X; < 2 by x;

We do not at all consider prices. Let x,, Y;» a=f be a solution of our
original problem (3)-(8') in §3. By multiplying (7') by y; and the addition

sign | . we get:
]=

o' 22 a;X;y;< 2Zb XY,

i=1j=1 i=1j=1

thatis oS @ (X',Y) . Because of (8**) and (13) in (5) it follows:

(15 oSOX,VSPXY)=a=p
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Let us secondly consider a price system where the interest factor f’ does
not allow any profit.
Le. for the price y/, ...,y it holds:

@) y20 ()  Zy=1
and

(8”) B,szfl gi ’JyJ

We do not at all consider production intensities. Let be x,, y,, &= B like

above. By multiplying (8") by x. and the addition sign i we get:
B 22 al]xly] 22 bl]xlyJ

i=lj=1 i=lj=
that is B’2 ®(XY’) . Because of (7**) and (13) in §5 it follows:

16) PzeXY)z@(XY)=a=p

These two results may be also formulated as follows:

The greatest expansion factor a’ of the whole economy, which is purely
technically possible is a’=a=f. Where prices are not considered.

The lowest interest factor B’ which allows a price system without profit is
B’=a=p. Where production intensities are not considered.

Let us notice that these characterizations are possible only because we
know of the existence of solutions for the original problem, although
they do not refer directly to our problem.

Further, the equality of the maximum in the first and the minimum in the
second formulation can only be proven because of the existence of these
solutions.



To BiBAio autd mapouvaidlel m olyxpovn
O1KovouIkn Ocwpia (NeokAaalkn Oewpia
Kot o0yxpovn MIKpOOIKOVouIKY, Keivalavr)
Ocewpia Kat alyxpovn MOKPOOIKOVOUIK,
Map&iknp OIKovouIKn) Oewpia), OlEPELVW-
VTG TAPAAANAQ TNV €VVOIOAOYIKI) KOl ETI-
OTNUOAOYIKN BepeAinon KABEUIAC amd TIC
OIOPOPETIKEG OAUTEC ZXOAEC OIKOVOMIKNC
oKEWNC.
H MoAitikfy O1kovopia, Omw¢ Kol ol GAAEG
KOIVWVIKEC EMIOTNMEC, OEV ATOTEAEL Eva
gvomoinNuévo  BewpnTikO  oloTNua, Kat’
avTioTolXia ME TIC PUOIKEC EMIOTAMEG N TO
pHOONUOTIKA. AvTiBeTa, OMOTEAEL pIa oO)lI-
OMOTIKA EMIOTAMN, ME TNV Evvola 0TI dla-
HOPPWVOVTOI OTO E0WTEPIKO TNG IOQOPETI-
KEC (Kal KOTA Kavova oVTIHOXOUEVEC) Bew-
PNTIKEC ZX0AEC, TTOL KaBepia olkodopeital
0€ aVa@OPA e Eva EEXWPIOTO BEWPNTIKO OVTIKEIYEVO KOl EVA 1O1AITEPO CLUATNHO EVVOIWV.
MAAIOTa, QUTH N OXICUOTIKOTNTA EMITPETEL VO «AaBpoBIo0v» OTIC TAPUPEC TWV BEWPNTI-
KOI ZXOAWV «KOIVEC» (EMIOTNUOVIKA XLaieC) mpoaeyyioelg, ol omoieg opilouv T 0IKOVO-
MIKG PEYEDN Kal TIC OIKOVOMIKEC EVVOIEC O1d TOL EaUTOD TOUC.
To KOTA mMOC0 N KaBepia amod Ti¢ alyxpovec ZX0AEC NG MoAtikrc Otkovopiag pmopei va
EPUNVEVCEL OMOTEAECUATIKA TO OIKOVOUIKA QOIVOUEVQ, Kal 0€ TOI0 BabBuo Ta BewpnTIKA
OUUTEPACHATA TNC 1} TA TOPICUOTA TNE YA TNV OKOAOUBNTEN OIKOVOUIKI) TOAITIKI) €ival
OLUBOTA PE EKEIVA TWV OAAWY GUYXPOVWVY ZX0AWV, ATOTEAEI EMIGNC AVTIKEIUEVO dIEPELVN-
ong Tou mapovtog BiBAiov.

BiBAloTtwAeia
 I. T'evvadiou 6, 106 78 ABriva. TnA.-fax; .3817826
» 3100 Opipewg, Z104 BIPAiov, Meopaloyiou 5, 105 59 ABrva. TnA.: 5211246
e K MeAevikou 27, 546 .56 @eogcalovikn. TnA.-fax: (051) 245950
Mailwvog 1 & Kapdiouv 32, 262 23 Mdtpa. TnA.: (061) 620.584 - fax: (061) 272072

Kevtpikn d1d0eon
e Zwod. MNnyng 21 & TZaBeAra |, 106 81 ABriva. TnA.: 5302055 - fax: 581 7001
* Movaotnplo0 185 54 627 ©cocalovikn. TnA.: 103 1) 5000.55-9 - fax: 500034



